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Abstract: The purpose of the present paper is to find the necessary and sufficient conditions
under which a generalized h-Randers change of Finsler metric becomes a projective change
.We have also found a condition under which a generalized h-Randers change of Douglas

space becomes a Douglas space.
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1. Introduction

Let F" = (M",L) be a n-dimensional Finsler space on a differentiable manifold M", equipped with
the fundamental function L(X,y).Various changes of Finsler metric have been studied recently papers
[2].[3].[41.[5].[6] and [7].

The necessary and sufficient conditions for these changes to be projective have been obtained.
The conditions for Douglas spaces with the changed metric to remain Douglas spaces have been found
out.

The generalized h-Randers change of Finsler metric is given by

D) Lxy) = (L™ + ﬁm)l/m where B(x,y) =bi (X,y) ¥/
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db;
and bi(x,y) in the transformation (1.1) is an h-vector, so that — is proportional to the angular metric

oyJ
tensor hij.
Let
ob; _
(1.2) 5y — Phij

where p is any scalar function of x ,y and hjj = gij — lil;.
It has been show by Shukla, Pandey and Joshi in [8] that

y _ _P ) = 9
(1.3) v p= ; [« ,forn>2, where Ok = 3

We shall use the equation (1.3) without quoting it in the present paper.
_ 1
Let B = bi(x,y)y' be defined throughout the manifold M". Then L — (L™ + ™) fm s

called generalized h-Randers change of Finsler metric. If we write
— 1 — — —
L=({"+p™) /mand Fn = (M",L ) then the Finsler space F™is said to beobtained from F" by

a generalized h- Randers change of Finsler metric .The quantities corresponding to F" will be denoted

by putting bar over those quantities .
The fundamental quantities of F" are given by
1 9?12 oL 9L

99 = 3oyiay 1T ™ T yToyr = G-

Ll

We shall denote the partial derivatives with respect to x' and y' by ai andalrespectively and
write
Li= 0,L ,L;=0,0;L ,Lijx = 8,0,0xL .
Then L; = 1I; , L_lhij = Ly
The geodesics of F" are given by the system of differential equations
EP

t ; dx
752 +2 Gl(x,g ): 0,

where G'(x,y) are positively homogeneous of degree two and are given by

LZ

i — Aij(~TA —N. — =
26" = gY(y"9,0,F = 9;F ), F= -
where gV are the inverse of g .

Berwald connection BI' = (G]l-k, G}, 0) of Finsler space is given by [10]
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06 oG]
j = ayj ’ jk — ayk

The Cartan’s connection CI" = ( jik, Gji, Gjik) is constructed from L with the help of following
axioms [10]:

(1) Cartan’s connection CI" is v-metrical.

(2) Cartan’s connection CI is h-metrical.

(3) The h(v) -torsion tensor field S of Cartan’s connection vanishes.

(4) The h(h)-torsion tensor field T of Cartan’s connection vanishes.

(5) The deflection tensor field D of Cartan’s connection vanishes.

The h- and v - covariant derivatives with respect to Cartan’s connection are denoted by Ixand |k
respectively. It is clear that the h-covariant derivative of L with respect to BI" and CI is the same and
vanishes identically .Furthermore, the h-covariant derivatives of L Lij with respect to CI" are also zero

We shall write

2ryj = by by, 25y = byj—byy;

2. Difference Tensor of Generalized h-Randers Change

The generalized h-Randers change of Finsler metric L is given by (1.1)
(2.1) G'=G' + D!
Then 5; = G} + D} and E;k = G + D}, ,were D} = §,D'and D}, = 8,D} .
The tensors DY, Dji and jik are positively homogeneous in y' of degree two, one and zero
respectively.
To find D', we deal with equation L= 0[9], i.e.,
(22)  OpLij — LijGy — LyjFj — LiyFjie = 0.
Since 9,8 = bi from (1.1), we have
(2.3)
@ L;=pLi+qb,

Lm—l ﬁm—l

where p = and q =

wmapm) ™ m (Lmapmy™
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Lm_1+pLﬁm_1

wmspm) ™ m

(©) 9;L; = By(BL; — Lb)d;L + Ly(Lb; — BL)3; + pd;L; + qd;b; ,

(-1 p™-2
wmspm) "V

where u = and y =

(d) OyLi; = udyLij + {[pq + By(B — pLA)IL;j + nLiL; — &(Lib; + L;b;) + @b;b;}a, L + {Ly(pL* —

where

1= (m— DB [n — 2)B™ — (m+ DLML™ + g m,

£ = Blm — DLL™ 2 [m(p™ — L) — pri(m + ) hm,
@ = Lim — DAL 2[m(B™ — L™) + Lm](Lm+,8m)(1_3m)/m |

8= (m— DI [(m — ) — (m+ DEI@n + g,

() Lijx = uLiji + By (B — pL?)(LiLjx+LiLy+LyLi;) — Ly(B — pL?)(LiLjx+L;Ly+Li Lij) —

Since Lijj, = 0in F' after using (2.1), we have
— R — —_ = B
(2.4) OxLij — LijyGy — LypFijg — Ly Fje = 0
Substituting in the above equation the values of 8y L;; L;- andL;j, from (2.3) in (2.4) and then
contracting the equation thus obtained with y¥, we get

(2.5) 2L;j D" + L;y D} + LD — Ly(Lb; — BLp)(rio + si0) — Ly(Lb; — BL) (70 + Sjo) —
where 0’ stands for contraction with y* \viz., rjo = 1%, 190 = 11;¥'y/, po = pry*and we have used
the fact that D, y* = °Dj.y* = D} [9].
Next, we deal with L;; = 0 that is,
— — — — —r
Putting the values of 9;L;, L;, and L, from (2.3) in (2.6) , we get,
CIbilj = [Au'LiT + V{.BzLiLr - LB(Libr + Lrbi) + Lzbibr}]D]r + (er + qbr) CDl?”]. + LY(.BLi -

Lby)(roj + So;)
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WhiCh, after USing Zrij = bl|] + bjIl and ZSij = bll] - bj|l ,
gives
(2.7) 2q 1y = [uly + y{B2LiLy — LB(Liby + Lyby) + L2b;b, YID] +  [uLyy + v{B?L;L, —

LB(L;b, + L, bj) + L?b;b, }|D] +  2(pL, +

qby) °Djj + Ly(BL; — Lb;)(roj + so;) + Ly(BL; — Lb;) (10 + Sio),

(2.8)  2gs;j = [uLiy + y{B?LiL, — LB(L;by + Lyby) + L?b;b, }1D] — [uLjy + v{B?L;L, — LB(L;by +

Lyb;) + L*bjb, }|D} + Ly(BL; — Lb)(roj + Soj) — Ly(BL; — Lb)) (ri + Si0)-

Subtracting (2.7) from (2.5) and contracting the resulting equation with y', we get

(2.9) —2[uLjr + ¥{B?L;L, — LB(L;b, + L.b;) + L*b;b, }]D" + Ly(Lb; — BL;)1o0 + 2qro; = 2L,D]

Contracting (2.9) with y/ , we get
(210)  (pLy + qb)D" = = q 1o
Subtracting (2.8) from (2.5) and contracting the resulting equation with y' , we get

L
(212) [pLi + ByLiLj — BLY(Liby + Lyby) + L2y bib, |DT = qsig + —- (Lb; — BL)Too.

In view of LLi= gir - LiL:, equation (2.11) can be written as

1
(2.12) = giD*+{( B*y =7 = pa)Li — BLyb; 3L, D" + Ly(Lb; — BLi)b,D" = qso + Ly (Lb; —

BLi)To0.

Contracting (2.12) by b' = gV bj, we get
(2.13)  —2B(L3yA+ p)L,D" + 2L(L3yA + p)b,.D" = L?>(2qsy + L*yAry,)
ﬁZ

where A= b? — =
L

The equations (2.10) and (2.13) are algebraic equations in L,.D" and b,.D" , whose solution is
given by

r —  La(ro0=2LqS0)
(2.14) L,.D" = ST and

r _ 2L2pgso+{L3yLA+Bquiroo
(2.15) b,.D" = e

Contracting (2.12) by g” and putting the values of L, D", and b, D", we get

Copyright © 2016 by Modern Scientific Press Company, Florida, USA



Int. J. Modern Math. Sci. 2016, 14(3): 317-324 322
i _ Mroo=2Lgqso [,;3. i , 71 T i Lq i
(2.16) D'= TN [L yb' + L {,uq L,By}y ] + . S0

where [ = y'L1,

Proposition (2.1): The difference tensor D! = G —G! of generalized h-Randers change of Finsler metric
Is given by (2.16).

3. Projective Change of Finsler Metric

The Finsler space Fis said to be projective to Finsler space F"if every geodesic of F" is

transformed to a geodesic of F'. It is well known that the change L — L is projective if Ei =G'+
P(x,y)y‘, where P(x,y) is a homogeneous scalar function of degree one in y', called projective factor
[11].

Thus from (2.1) it follow that L — L is projective iff D! = Py’. Now we consider that the
generalized h-Randers change L — L = (L™ + ﬁm)l/m is projective.Then from equation (2.16), we

have

i _ Mroo—=2Lqso [;3. i , 71 7 i Lq i
(3.1) Pyl =LA [13yhi T (uq LALyYy'| +=Lsf .

Contracting (3.1) with y;(= g;;¥/) and using the fact that sjy; =0 and y;y' = L?, we get

__ quroo—2Lgsy
32) P= 2L(L3yA+p)

Putting the value of P from (3.2) in (3.1), we get

Ly{urgo—2Lqso} i y2pi) — La i
(3:3) 2u(L3yA+p) (By' —L%b') = w50

Transvecting (3.3) by bi, we get
-2
(34) TOO = Lz_q)/zo .

Substituting the value of r,, from (3.4) in (3.2), we get

(35) P =%

LL2yA

Substituting the value of r,, from (3.4) in (3.3), we get
(3.6) sh = (bi — Lﬁzyi)%o :

The equations (3.4) and (3.6) give the necessary condition under which a generalized h-Randers
change becomes a projective change.

Conversely, if condition (3.4) and (3.6) are satisfied, then putting these conditions in (2.16), we

get
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Di = Z4°S0 i i e, Di = pvi
—my, 1. €. =ry .

Thus F' is projective to F™ .
Theorem 3.1: The generalized h —Randers change of Finsler metric is projective iff (3.4) and (3.6) hold
good; the projective factor P is given by (3.5).

4. Douglas Space

The Finsler space F" is called a Douglas space iffG‘y/ — G/y"is homogeneous polynomial of
degree three in y' [12] . We shall write hp(r) to denote a homogeneous polynomial in y' of degree r .If
we write

BY = D'yJ — DJy', then from (2.16), we get

.. (/.LT —-2Lgs )L3y . . PR Lq . . TR
(4.1) BY = m(b‘w —bly") + 7(5(‘,311 —siyH).

If a Douglas space is transformed to a Douglas space by a generalized h-Randers change (2.1)
then BYmust be hp (3) and vice-versa.

Theorem: The generalized h-Randers change of Douglas space is a Douglas space iff BY given by (4.1)
is hp (3).
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