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1. Introduction

In this paper, we are concerned with the following fractional integrodifferential equation in a
Banach space X:

d“ - ;
dlzgt) + Au(t) = f(t,u(t)) + J. h (t, S,u(s),f k(s, T,u(T))d‘L’) ds, (1)
u(0) = uy, (2)
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where 0 < @ < 1,t > 0. Let] = [0, a] and let - A is the infinitesimal generator of an analytic semigroup
Q(t),t=0.Letf:JxX > X, h:J]X]xXxX - X, k:] x]xX — X be given nonlinear operators.

This type of research has been considered in Balachandran and Chandrasekaran [1], when the
equation (1) is given with conventional (Classical) derivatives, also as many works [2, 3, 4, 5] and
references cited therein. Fractional derivatives have been extensively applied in many fields, for example
in Probability, Viscoelasticity, Electronics, Economics, mechanics as well as Biology. In recent years,
they have been an object of investigations with much increasing interest. For more details on this theory
and application, we refer the monographs of Lakshmikantham et al. [6], Miler and Ross [7], Podlubny
[8] and the papers of [9, 10, 11, 12].

In this paper, we generalize the results of [1, 20]. The rest of this paper is organized as follows.

In section 2, we give some preliminaries. In section 3, we prove our main theorem for (1) — (2).
2. Preliminaries

Here we assume that - A is the infinitesimal generator of a bounded analytic semigroup of linear
operator in a Banach space X. Hence for convenience, we suppose that ||Q(t)|| < M fort > 0and 0 €
p(—A), where p(—A) is the resolvent set of — A. We define the fractional power A= by

F( )J(t)q 1Q(t)dt,q > 0.

For 0 < g < 1,A% is a closed linear invertible operator with domain D(A9) o D(A) is dense in
X. The closedness of A% implies that D(A?), endowed with the graph norm of A9, |[ul|pc4) = [lull +
[|A9ul|,u € D(A?), is a Banach space. Since A4 is invertible, and its graph norm |||. ||| is equivalent to
the norm [[ul[, = [|A%ul|. Thus D(A?) equipped with the norml|. ||, is a Banach space, which we denote
by X,. TakeJ = [0,a].

Following Gelfand and Shilov [13], we define fractional integral of order &« > 0 as

19F(6) = —— jkr—@“lf@ﬁm

I'(a)

also, the fractional derivative of the function f of order 0 < a < 1 as

D ® = sz J f &) —5)™ds,

where f is an abstract continuous function on the interval [a, b] and I'(a) is the Gamma function, see
[14].
Definition 1: By a solution of (1) — (2), we mean a function u with values in X such that:
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(1) w is continuous function on J and u(t) € D(A),
(2) % exists and continuous on (0,a),0 < a < 1, and u satisfies (1) on (0,a) and the initial
condition (2).

Using Gelfand-Shilov principle [13], it is suitable to rewrite equation (1), (2) in the form

S

1 t . T
u(t) =uy + m!(t —5) [f(s,u(s)) — Au(s) + f hl s, T,u(‘r),b[k(r, ,u,u(,u))du dt

0

ds (3)

Remark 1: Let us take in the considered problem, the inhomogeneous part is equal to an abstract

continuous function F(t), then from (1) — (2), we have

D,/ u(t) + Au(t) = F(t), 4)

u(0) = u,. )

According to [14, 15-19], we first apply the fractional integral on both sides of (4) and then using
(5), we apply the Laplace transform on the new integral equations by considering a suitable one-sided
stable probability density whose Laplace transform is given. Hence we can conclude that a solution of

the problem (4) — (5) can be formally represented by
[o'e) t o
u® = [ G @O o +a [ [ 0= @0 - I OF$)dods,  (©)
0 00

where

t N

F(t) =f(t,u(t)) +Jh t,s,u(s),Jk(s,T,u(r))dT ds
0

0

and ¢, is a probability density function defined on (0, o) such that its Laplace transform is given by

o)

fe—exz (e)dezi(_—x)j 0<a<1lx>0
@ LT+ a)) =5hx=0
0 J=

3. Existence Theorem

To prove our main result we state the following lemma:

Lemma 1: Let - A be the infinitesimal generator of an analytic semigroup Q(t). If 0 € p(A) then
(@ Q(t):X - D(AY) foreveryt >0andg =0
(b) For every u € D(A?), we have Q(t)A%u = A1Q(t)u
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(c) Forevery t > 0 the operator A7Q(t) is bounded and [|A7Q ()|l < M,t™1.

For more details, see [21, section 2.6]

Theorem 1: Assume that

(i)

(ii)

(iii)
(iv)

v)

(vi)

- A is the infinitesimal generator of a bounded analytic semigroup of linear operator
Q(t),t>0,inX.

For g = 0, the fractional power A1 satisfies ||[47Q(¢)[| < M,t™9 for ¢ > 0, where M, is a
real constant.

0 € p(—A), the resolvent set.

For an open subset D of ] x X,, f: D — X satisfies the condition, if for every (t,u) € D

there is a neighborhood ¥V < D and constants L > 0,0 < 9 < 1, such that
If (t1,ug) — ftzu)ll < L(|t1 - t2|19 + lluy — uZ”q) )

forall (t;,u;) €V,i=1,2.
For an open subset E of /] X ] x X, X X, h: E — X satisfies the condition, if for every

(t,s,u,v) € E there is a neighborhood U c E and constants L, > 0,0 < 9 < 1, such that

|h(t1, 1,1, V1) — h(ty, S, Uz, V)|
< L1(|t1 —to]? + Isy — s [P+l — Up|lg+Hlvy — 172||q) (8)

forall (t;,s;,u;,v;) € U,i =1,2.
For an open subset P of ] X | X X, k: P — X satisfies the condition, if for every (t,s,u) €
P there is a neighborhood W < P and constants L, > 0,0 < 9 < 1, such that

[k (t1, 51, u1) — k(tz, 52, ux)ll < L2(|t1 — 6|7 + |5y — 527+ lluy — u2||q) 9)

forall (t;,s;,u;) € W,i =1,2.

Then the Cauchy problem (1) — (2) has a unique local solution u € €([0,a): X) n €*((0, a): X).

Proof: Choose t* > 0 and § > 0 such that estimates (7) — (9) hold on the sets

V={{tu):0<t<th|lu—ull <6},

U={(tsuv)0<ts<t"lu—ull <6 llv—wll <6},

and W = {(t,s,u):0 < t,s < t*, ||lu — uyll < &}, respectively.

Let

and

B = max t,u
max | (¢, o)l
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0st,sst*

S
H = max ||lh t,s,uo,fk(s,r,uo)dr
0

and choose a such that for 0 < t < a,

1)
1Q(t*0) = Il A%u |l < 3

(10)
and

1
a(1-q)

10)
0<a< minst", [EMq_l(l —q)(L6 + B + Li6a + LyL,6a* + Ha)™? : (11)

Let Y be a Banach space C((O, a]:X) with usual supremum norm which we denote by ||. ||y. Define a

map F:Y - Y by

Fy(t) = f £ (0)Q(t*0) A% dO
0

ta j j B(t — )71, (0)ATQ((¢ — $)%0) | £ (5, A~y (s))
00

N T

+fh S,T,A_qy(l'),fk(T,M,A_qy(M))dM dr|dods. (12)
0 0

Since fooo (,(6)dO =1, for everyy € Y,FY(0) = A%u,, Let S be the nonempty closed and bounded
subset of Y defined by

S={y:y €Y,y(0) = A%uy, |ly(t) — A%u,ll < 63.

Fory € S, we have

1@ = Al < || (e0) — 1| || 4% | +

t o
+a o(t—s)*1¢,(00) dfds
/]

#10((¢ = %) ||| £ (s, 419(5)) = £(5,0)

+a f fw 0t = 9)%71,(0) | 47 - %0 17 (5, u0) 1 d0ds
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+aff9(t—s)“‘1éa(9) ATQ((t —5)“6) ”

S

S T T
[l s.mam0y@, [ k(e a-ty@o)du |de = [ | 5,50, | kCougdu || dods
0 0 0 0

+a0f0f9(t—s)“‘1(a(9)‘

S T
AqQ((t—s)“H)H f h| s,7,u, f k(t, 1w ug)dy | dr|| dods
0 0

Since fom 0179¢,(8)d6 < 1, so by using Lemma 1 (c), equations (10) and (11), above inequality gives
)
IFy(£) = A%uo|l < = + Mo (1 - q)"YLS + B+ L,6a + L L,8a% + Ha}a®(=? < §.

Therefore, F maps S into itself. Moreover, if y;,y, € S, then

IFy:(©) = Fy,0ll < @ j jw 0= 9)1,(0) || 470 - )70
00
| £ a711) = £(5.4703) | dods + f joo 0~ )74, || 4200 - )70)|
00

N T
|:f h S, T'A_qyl(‘[)'f k(Tnu'A_qyl(:u))d:u
0 0

T

S
—fh s,T,A‘qu(T),fk(r,y,A‘qyz(y))du dz ||| d8ds
0 0

< Mua® D1 = @) LIy, — yally + Mga®@ 91 — @)Ly [y, — y2lly + Lallys — v2llya)al

< Mqa“(l_Q)(l —q) ML+ Li(1 + Lya)allly; — yally

<

N =

”yl - yZHY,

which implies that

1
IFy; — Fy,lly < E ly:s = y2lly-
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By the contraction mapping theorem, mapping F has a unique fixed point y € S. This fixed point satisfies

the integral equation

y(©) = f £ (8)Q(t"0) ATugd0 + a f f 8(t — )12, (9)A7Q((t — 5)%6)

S T

f(s,A_qy(s))+.fh s,r,A‘qy(T),fk(r,,u,A_qy(u))du dr|dods. (13)
0 0

From (7), (8) and the continuity of y it follows that
t - f(t,A"9y(®)

and

S
t->hlt, S,A_qy(s),f k(s, T,A‘qy(r))dr
0

are continuous on [0, a], and, hence, there exist constants N; and N, such that

If (£ a9y (®)|| < My (14)

and
S
h t,s,A‘qy(s),Jk(s,T,A‘qy(r))dT <N,. (15)
0

By using the same method as in [15, Theorem 3.2], we can prove that y(t) is locally Haélder continuous

on (0, a]. Then there exist a constant C such that for every t’ > 0, we have

ly(©) =yl < Clt = s,

forall 0 < t' < t,s < a. The local Hglder continuity of t > (¢, A=9y(t)) follows from

17 (t, A9y @®) — (s, A~y ()|| < LIt = sI” + lly@® — yI) < €, (It = sI° + |t = s]¥)

for some C; > 0 and the local Hélder continuity of

S
t—->hlt, S,A‘qy(s),f k(s, T,A‘qy(r))dr
0

follows from

Copyright © 2014 by Modern Scientific Press Company, Florida, USA



Int. J. Modern Math. Sci. 2014, 11(2):108-117 115

h (t, s,A‘qy(s),f k(s T,A‘qy(r))dr> —h <t, ,u,A"qy(u),f k(w, ¢,A"qy(q)))d¢>

< Ly{ls — ul” + 1ly(s) =yl + Ly (Is — ul® + 17 = ¢1° + lly() — y(p)l)a}
< Ly{ls —pl? +1s = ul" + La(Is —pl® + [t = ¢I° + |t = 91" )a}

for some L; > 0. Let y be a solution of (13). Consider the inhomogeneous initial value problem

AU | ) = f(t, A9y (®) + f h (a s, A7y (s), f k(s, T:A“’y(r))df) ds (16)
dte
u(0) = u,. (17)

This problem has a unique solution u € C*((0, a]: X) [21], which is given by

u(t) = f £ ()Q(t"0)u B
0

t oo
ta f f 8(t — )71 4, (0)Q((t — )76) | £ (5, A=T(s))
00

dods. (18)

S T
+jh<s,r,A‘qy(T),jk(r,,u,A"qy(u))du dt
0

0

for t > 0, each term of (18) belongs to D(A) and a fortiori in D(A?). Operating on both sides of (18)
with A7 we find that

Adu(t) = f 2,(8)0(t%8)A%u, do
0

ta f f B(t — 5)°1 £, (O)ATQ((t — )%6) | f (5, A=9y(s))
00

+ f h(s,r,A‘qy(T), f k(z, u,A‘qy(y))d,u> dr‘ dods. (19)
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From (13) the right hand side of (19) equals y(t) and therefore u(t) = A~%y(t) and by (18), u

is a Cl((O, a]:X) solution of (1) — (2). The uniqueness of u follows from the uniqueness of the

solutions of (13) and (16) — (17). Hence, the theorem is proved.
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