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1. Introduction 

THE GENERAL MULTIVARIABLE POLYNOMIALS 

 

The Multivariable polynomial, )
k

x,...,
1

x(k
U,...,

1
U

V
S  introduced by Srivastava and Garg (1987) [15, 

p.686, eq. (1.4)] is defined in the following manner: 
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Where 
k

U,...,
1

Uand …0,1,2=V arbitrary positive integers and the coefficients are )
k

R,...,
1

RV,(A is 

arbitrary constants (real or complex).Evidently the case k=1 of the Polynomial (1) would correspond to 

the Polynomial  xU
V

S  given by Srivastava [12].  

ALEPH ( )-FUNCTION 

Sudland [17] Introduced the Aleph ( ) function, however the notation and complete definition is 

acquainted here in the following way in terms and the Mellin- Barnes type integrals Barnes type integrals 
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  extends from  i to  i , and is such that the poles, assumed 

to be simple of s)
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A
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aΓ(1  , N,...,ij   do not coincide with the pole of  s)
j

B
j

Γ(b  , M,...,ij   the 

parameter 
i

Q,
i

P are non-negative integers satisfying:  0
i

,
i

QM0,
i

PN0   for r,...,1i  . The 
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Detailed introduction of Aleph ( ) function is given in [17] and [18]. 

MULTIVARIABLE ALEPH  - FUNCTIONS 

The function Aleph of several variables generalize the multivariable I-function recently study by Sharma 

and Ahmad [11] and Ayant [1],  itself is a generalization of G and H-function of multiple variables. The 

multiple Mellin-Barnes integral occurring in this thesis will be referred to as the multivariable’s Aleph-

function throughout our present study and will be defined and represented as follow. 

We have  
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Where  1
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Where r,...,1j and r,...,1k   

 

Fractional Differential Operator 

 

Two types of fractional operators have been studied. 

 

(i) Riemann-Liouville Fractional Operator 

 

Oldham and spanier [9] defined the Riemann-Liouville Fractional Operator for function  zf  of 

a complex order  can be represented in the following manner: 

 
   

 
     









 






x

α
0μRe,dttf1μtx

μΓ
1

mμRe0,xfmμ
xDαmdx

md
xf

μ
xDα

                                                       

(9) 

Where is m non -negative integral. 

Mishra [8] further generalized the above operator as follow: 

μα,α
xDαkx

xα,k,
D 

 

 

(ii) Generalized Saigo Fractional Derivative Operator 

 

 Generalized modified fractional derivative operator due to Saigo [16] is defined as given below, 

if we let Nm,x,,,10  .  
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The above operator reduces to Saigo derivative operator  ,,

x,0D when m=1. 

On putting   and m=1, in the operator defined by equation (10), it reduces to the well-

known Riemann-Liouville Fractional derivative Operator defined by Miller and Ross [7]. We have  
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Where  and k are not necessarily integers. 

 

In establishing our Theorem 3, the following result which is given by Bhatt and Raina [2] will 

also be required. 
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2. Main Theorems 

Theorem 1 

   


















xtfztk

ρ
t

k
w,...,1

ρ
t

1
wk

U,...,
1

U

V
S1λtm

t,μλ,
D

l
 



Int. J. Modern Math. Sci.2017, 15(3): 291-310  

       

Copyright © 2017 by Modern Scientific Press Company, Florida, USA 

296 

 

 



 























1m

0p )ps
k

R
k

ρ...
1

R
1
ρμ(

)ps
k

R
k

ρ...
1

R
1
ρΓ(λ

0n n!

n
x

!
k

R...!
1

R

k
R

k
w...1

R

1
w

)
k

R,...,
1

RV,(A
k

1i
i

R
i

U

k

1i
V

i
R

i
U

0
k

R,...,
1

R
V

l

l

 

 

    xfn
xDt;

A,n

B
mF

1m
L

dsszs
NM,

r;
i
τ,

i
Q,

i
P

Ω
2π

11sm
k

R
k

ρ...
1

R
1
ρhλ

t






 














i

l

                 
(14)     

 

 l

l

1ms
k

R
k

ρ...
1

R
1
ρλ

,...,s
k

R
k

ρ...
1

R
1
ρλs,

k
R

k
ρ...

1
R

1
ρλA





 

 l

l

1ms
k

R
k

ρ...
1

R
1
ρμ

,...,s
k

R
k

ρ...
1

R
1
ρμs,

k
R

k
ρ...

1
R

1
ρμB





 

 

Theorem 2 

   















 


xtfztkt

k
w,...,1t

1
wk

U,...,
1

U

V
Stm

t,,
D

l

 
 





















0n !n

n
t

!
i

R

i
R

i
w

)
k

R,...,
1

R,V(A
k

1i
i

R
i

U

k

1i
V

i
R

i
U

0
k

R,...,
1

R
V  




 




1m

0p n
)psRρ...Rρλ1()ps

k
R

k
ρ...

1
R

1
ρμ(

n
)psRρ...Rρ1()ps

k
R

k
ρ...

1
R

1
ρΓ(λ

kk11

kk11

ll

ll

 

    xfnxn
xDt;

C,n

D
mF

1m
L

dsszs
N,M

r;
i

,
i

Q,
i

Pi2

11sm
k

R
k

ρ...
1

R
1
ρλ

t






 





















l

                  
(15)

 

 l

l

1mns
k

R
k

...
1

R
1

,...,ns
k

R
k

...
1

R
1

,ns
k

R
k

...
1

R
1

C





 

 l

l

1mns
k

R
k

...
1

R
1

,...,ns
k

R
k

...
1

R
1

,ns
k

R
k

...
1

R
1

D





 

The Theorems 1 and 2 are valid under the following (sufficient) conditions:  
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and by assuming that the series involving in (14) and (15) are absolutely convergent. 

Proof of Theorem 1 

Let us consider the well-known Taylor’s expansion 

 
  xfDx

n

t
xtf n

x

n

n

n









0 !

1
)(                                                          (16) 

This is a particular case of Lagrange’s expansion. 

Now multiplying both side of (16) by  ztk
ρ

t
k

w,...,1
ρ

t
1

wk
U,...,

1
U

V
S1λt 







 and apply the operator 

m
t,,

D
l

both sides, we get: 

   


















xtfztk

ρ
t

k
w,...,1

ρ
t

1
wk

U,...,
1

U

V
S1λtm

tμ,λ,
D

l
 

 

   























0n

n

0h !n!h

nxhn
n

1

!
k

R...!
1

R

k
R

k
w...1

R

1
w

)
k

R,...,
1

R,V(A
k

1i
i

R
i

U

k

1i
V

i
R

i
U

0
k

R,...,
1

R
V

 

  xfn
xD

1sm
k

R
k

ρ...
1

R
1
ρhλ

tm
tμ,λ,

D






 




l

l
                                                                    

(17) 

Now using (12) in R.H.S. of (17), the desired result can be easily achieved by a little simplification. 

Similarly we prove Theorem 2 by using following expansion (17),  
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Interchanging the order of integration and summation (which is justified under the conditions, 

given above) and expanding the binomial term like, 
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The required result can be obtained by using the result (13) and putting a little simplification.  
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3. Special Cases of Theorems 

(i) If in Theorem 1, we reduce the general class of polynomial to the first class of hypergeomeric 

polynomials 
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F in [16] we get the following corollary: 

 

Corollary 1 

         





























xtfztk
ρ

t
k

w,...,1
ρ

t
1

w;
i

ψγ,;
i

,
i

β;
i

UV,
k

D
F1λtm

t,μλ,
D

l
 

 
 

























0n n!

n
x

k
ψ

k
R...

1
ψ

1
R

)γ(

kk
R

)
k

β(...
11

R
)

1
β(

!
k

R...!
1

R

k
R

k
w...1

R

1
w

V

1i
i

R
i

U

k

1i
V

i
R

i
U

0
k

R,...,
2

R,
1

R
V  

1sm
k

R
k

ρ...
1

R
1
ρλ

t
1m

0p )ps
k

R
k

ρ...
1

R
1
ρμ(

)ps
k

R
k

ρ...
1

R
1
ρλ(Γ 




 




l

l

l
 

    xfn
xDt;

Gn,

H
mF

1m
L

dsszs
NM,

r;
i
τ,

i
Q,

i
P

Ω
2π

1







 













i                            (21) 

 l

l

1ms
k

R
k

ρ...
1

R
1
ρλ

,...,s
k

R
k

ρ...
1

R
1
ρλs,

k
R

k
ρ...

1
R

1
ρλG





 

 l

l

1ms
k

R
k

ρ...
1

R
1
ρμ

,...,s
k

R
k

ρ...
1

R
1
ρμs,

k
R

k
ρ...

1
R

1
ρμH





 

The conditions of validity of (21) can be easily obtained from the existence conditions mentioned with 

theorem 1. 

(ii) If we reduce the general class of polynomial k
U,...,

1
U

V
S involved in theorem 1 to Multivariable 

Jacobi Polynomial k
β,

k
α;...;

1
β,

1
α

V
P  given by Srivastava [13], the following result can be seen:  

Corollary 2 
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The conditions of validity of (22) can be easily get from the existence conditions given with 

theorem 1. 

(iii) If in Theorem 2, the general class of polynomials is reduced to Multivariable Bessel Polynomial 

k
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1
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k
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2
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y represented in [14], then we get the following corollary: 

Corollary 3 
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The conditions of validity of (23), can be easily obtained from the existence conditions given 

with theorem 2. 
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(iv) we put   and 0 in equation (18), then we will get the following corollary: 

Corollary 4 
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The conditions of validity of (24) can be easily obtained from the existence conditions given with 

theorem 3. 

(v) If we put 1  in Theorem 3, we get the following corollary: 

Corollary 5  

Let     .Cz,0,,k,...,1j0,,0,w,0Re,N,x,,,10 jj   If the 

existence conditions of Aleph ( ) function are satisfied, then the generalized fractional derivative 
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,x,0D of the product of Aleph ( ) function and kU,...,1U

V
S exists and there holds the following formula: 


















 






 







 







 

 k
σ

ξtk
ρ

t
k

Y,...,1
σ

ξt1
ρ

t
1

Yk
U,...,

1
U

V
S

δ
ξtwt

,α,
0,x,1

D  

 

 xp
μ

ξt
p

λ
t

p
z,...,1

μ
ξt1

λ
t

1
z




















 





 







 

 

 

  










 
























0m

m

ξ

x

m!

1

!
k

R...!
1

R

k
R

k
Y...1

R

1
Y

k
R,...,

1
RV,A

V

1i
i

R
i

U

k

1i
V

i
R

i
U

0
k

R,...,
1

R
V

k

1i
i

R
i

σννδ

ξ

k

1i
i

R
i

βw

x

 
































 M

N

1x1
1z

pxp
pz

p
n,

p
m;...;

1
n,

1
m3;N0,

11
U;R,iτ,3iQ,3iP

                                                                         

(25)                                                                                                                                                                          

 

Where  
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Corollary 6 

On taking   and 0 , the above result can be further reduced to following result for the Riemann-

Liouville Fractional derivative operator: 
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(26)                                                                                                                                                                          
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(vi) In theorem (3), 1i  and 1,1R  , then Aleph ( ) function reduce to H function [11] 
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(27)                                                                                                                                                                          
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(vii) If we put k=1 and   1 z  in theorem 1 and 2, then we find at a known results due to Goyal and 

Saxena [2]. 

(viii) If we reduce the generalized class of polynomial to unity and   1 z  in theorem 1 and 2, then we 

arrive at known results due to Dube [5]. 

(ix) Many other special case of H function is reducing to other function in [3]. 

APPLICATIONS OF THE THEOREM 1 AND 2 

Now we establish two multiplication formule as application of Theorem 1 and 2 respectively.  
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Where the asterisk   in (29) and (30) indicates that the parameters at these places are the same as the 

parameters of the multivariable’s Aleph-function (8). 

Substituting the values of differential operators (29) and (30) in theorem 1 and 2, 
x
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x
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y

1
y   

Comparing the coefficients of i
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w both sides and replacing k
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ρμμ  and  

σ1σ  , we get the following Multiplication formula for multivariable’s Aleph-function. 
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      ,*,1,...,11mσλ1,...,,1,...,1σλ1,,1,...,1σλ1X ll 

 
      ,*,1,...,11mσμ1,...,,1,...,1σμ1,σ,1,...,1μ1Y ll   

 

Multiplication Formula 2  
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4. Special Cases for Multiplication Formulae 
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(33) 

(ii) Multiplication Formula 2. 
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