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Abstract: In this paper, we study semi-analytical methods entitled Homotopy Analysis 

Method (HAM) to solve fuzzy impulsive fractional differential equations based on the 

concept of generalized Hukuhara differentiability. At the end first of Homotopy Analysis 

Method is defined and its properties are considered completely. Then econvergence theorem 

for the solution are proved and we will show that the approximate solution convergent to the 

exact solution. Numerical example indicate that this method can be easily applied to many 

linear and nonlinear problems.  

Keywords: Homotopy Analysis Method, Fuzzy impulsive fractional differential, generalized 

Hukuhara differentiability. 

 

1. Introduction 

Fractional calculus is a new powerful tool which has been recently employed to model complex 

biological systems with non-linear behavior and long-term memory. The fractional derivatives have 

several different kinds of definitions, among which the RiemannLiouville fractional derivative and the 

Caputo fractional derivative are two of the most important ones in applications. Fractional (fractional-

order) derivative is a generalization of integer-order derivative and integral. It originated in the letter 

about the meaning of 1/2 order derivative from LHopital to Leibnitz in 1695, and is a promising tool for 

describing memory phenomena. The kernel function of fractional derivative is called memory function, 

but it does not reflect any physical process. One of the important branches of this theory is impulsive 

fractional differential equations. The idea of the theory of impulsive fractional differential equation has 
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been emerging as an effective tool area of investigation in recent years (see [13, 14, 17, 31, 32]). JinRong. 

Wang, W. Wei and YanLong. Yang [43] solving impulsive fractional differential equations in banach 

spaces. Qi Wang, Dicheng Lu, Yayun Fang [44] show that the impulsive fractional differential is stable. 

Also fuzzy set theory is the significant tool for modeling unknown problems and can be found in many 

branches of regional, physical, mathematical and engineering sciences. The concept of the fuzzy set 

theory was first proposed by Zadeh, Zimmerman and Kaleva (see[20, 46, 47]). As a result many things 

can happen in the real world has a fuzzy meaning. One of the very important branches of the fuzzy theory 

is fuzzy impulsive fractional differential equations. As an advantage of the fuzzy impulsive fraction 

differential equations is, they are able to describe the solution of the model at the certain moments with 

more sharpness and rapidly changes in their states. While the classical differential equations are not able 

to describe the mentioned behavior. Fuzzy impulsive fractional differential equations are usually hard to 

solve analytically and the exact solution is rather difficult to be obtained. But the idea of fuzzy impulsive 

fractional differential equations has been studied by scientists and engineers such as N.Najafi and T. 

Allaviranloo [23, 24, 26]. They have considered new method to solve fuzzy impulsive fractional 

differential equation based on fuzzy fractional differential transform method as one of the branches of 

fuzzy impulsive fractional differential equations. Our aim in this paper is to study the semi-analytical 

methods for solving fuzzy impulsive fractional differential equations. We will use the Homotopy 

Analysis Method (HAM) based on generalized Hukuhara differentiability to solve a nonlinear and linear 

fuzzy impulsive fractional differential equations given by 

 

 

 

In this paper the set of all fuzzy numbers is denoted ℝ𝑓. where m − 1 < 
1

𝑎
 ≤ m , 𝑐𝐷∗

1
𝑎

 denotes the 

Caputo fractional generalized derivative of order 
1

𝑎
  , and f : J × ℝ𝑓 → ℝ𝑓 , is continuous fuzzy function, 

Ik : ℝ𝑓  → ℝ𝑓  , y0 ∈ ℝ𝑓  , 0 = t0 < t1 < · · · < tm < tm+1 = T, ∆|t=tk = y( 𝑡𝑘
+ ) ⊝  y( 𝑡𝑘

− ), 

𝑦(𝑡𝑘
+)=logℎ→0+ 𝑦(𝑡𝑘 + ℎ), and 𝑦(𝑡𝑘

−) = logℎ→0− 𝑦(𝑡𝑘 + ℎ) represent the right and left limits of y(t) at t 

= tk. The paper is organized as follow: We describe the basic notation and prelimition in Section 2. We 

describe the fuzzy fractional impulsive differential equation in Section 3. The HAM is presented in 

Section 4. In Section 5, we solving fuzzy impulsive fractional differential equation by homotopy analysis 

method based on the concept of generalized Hukuhara differentiability. Numerical example is given to 
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clarify the details and efficiency of the method in Section 6. This paper ends with conclusion in Section 

7. 

2. Preliminaries  

In this section, we give some basic definitions, theorems and properties of fractional calculus 

theory which are further used in this paper.  
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3. Fuzzy Impulsive Fractional Differential Equation  

Consider the following fuzzy impulsive fractional differential equation 
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4. Homotopy Analysis Method  

Consider N[y] = 0, where N is a nonlinerar operator, y(x, r) is unknown function and x is an 

independent variable. Let y0 denote an initial guess of the exact solution y(x, r), ℎ ≠ 0 an auxiliary 

parameter, H1(x) ≠ 0 an auxiliary function, and L an auxiliary linear operator with the propery L[s(x, r)] 

= 0 when s(x, r) = 0. Then using q ∈ [0, 1] as an embedding parameter, we construct a homotopy as 

follows: 

 

It should be emphasized that we have great freedom to choose the initial guess y0(x, r), the 

auxiliary linear L, the non-zero auxiliary parameter h, and the auxiliary function H1. Enforcing the 

homotopy .Eq (4.1) to be zero, i.e. 

 

we have the so-called zero-order deformation equation 

 

when q = 0, the zero-order deformation Eq.(4.2) becomes 

 

and when q = 1, since ℎ ≠ 0  and H1 ≠ 0, the zero-order deformation Eq.(4.2) is equivalent to 
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Thus, according to Eqs.(4.3) and (4.4), as embedding parameter q increases from 0 to 1, ϕ(x, q, 

r) varies continuously from the initial approximation y0(x, r) to the exact solution y(x, r). Due to Taylors 

theorem, ϕ(x, q, r) can be expanded in a power series of q as follows 

 

Let the initial guess y0(x, r), the auxiliary linear parameter L, the nonzero auxiliary parameter h 

and the auxiliary function H1 be properly chosen so that the power series Eq.(4.5) of converges at q = 1 

, then, we have under these assumptions the solution series 

 

From Eq.(4.5), we can write Eq.(4.2) as follows: 

 

By differentiating Eq.(4.8) m-times with respect to q, we obtain 

 

If we are not able to determine the sum of series in (4.7), then we can accept the partial sum of series 

 

for more details see ([48], [49] and [52]). 
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5. Solving Fuzzy Impulsive Fractional Differential Equation by Homotopy Analysis 

Method  

Using Lemma (2), the solution of problems (3.1)-(3.3) is equivalent to integral Eqs. (3.4)-(3.6). 

We show how HPM applied to the following integral equations. Now consider the impulsive fractional 

deferential equation (3.6) by integration from [0, k + 1], we have: 

 

by impulsive effect, we have: 

 

By substituting Eq. (5.2) into Eq. (5.1) we have 

 

In Eqs. (5.3) we define y(𝑡−) = y(t). Thus 

 

Now operating the laplace transform on both in Eq.(5.4), we get 

 

We define the nonlinear operator 
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So where q ∈ [0, 1] be an embedding parameter and ϕ(t, q) is real function of x and q. By means of 

traditional Homotopy method the great mathematician Liao [52] construct the zero order deformation 

equation 

 

Where h is nonzero parameter, H(t) ≠ 0, y0(t) is an inital guess of y(t) and ϕ(t, q) is un known function. 

Obviously, when q = 0 and q = 1, it holds 

 

We take an initial guess 

 

and 

 

 

The relations above have been obtained with the assumption of the convergence of series 

(4.7).The conditions for such convergence are discussed in the following theorem: 

 

is satisfied and as the initial approximation y0, a function continuous in the interval [a, b] is chosen, 

then series (4.7), in which the functions yn+1 are determined by means of relations (5.8)-(5.9), is 

uniformly convergent in the interval [a, b] for each p ∈ [0, 1]. 
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Proof. Certainly, K and f are bounded; this means that there exist the positive numbers M1 and N1 such 

that 

 

Let y0 ∈ C[a, b]. Therefore there exists a positive number N0 such that 

 

The assumptions made imply the following estimations: 

 

In this way, for the series considered, (4.7) we get, for q ∈ [0, 1], 

 

Where 

 

The last series in the above estimation is the convergent geometric series possessing the common 

ratio q = (|λ|M)(b − a) < 1 . Hence, series considered, (4.7), is uniformly convergent in the interval [a, b] 

for each q ∈ [0, 1].  

Theorem 5.2. The exact solution of Eqs (3.1) − (3.3) could be represented by 

 

Also, the approximate solution y(t) can be obtained by taking finitely many terms in the series 

representation of y(t) so, 

 

And 𝑦̂(t) convergence uniformly to the exact solution y(t). 

Proof: Let y(t) be solution of Eqs.(3.1) − (3.3). From Eqs. (5.11) and (5.12). y(t) could be expressed by 

series as follow 
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Substituting Eq. (5.8) into Eq. (5.20), where 

 

And 

 

Also let us y(t) and 𝑦̂(t) be exact and approximate solution of the problems (3.1) − (3.3). We will show 

that, 

 

Therefore if y(t) and 𝑦̂(t) be exact and approximate solution of the problems (3.1) − (3.3), without 

loss of generality suppose that there exists a point t1 ∈ (0, tk+1) such that y(t) is [(i) − gH]-Caputo 

differentiable on [0, t1] and [(ii) − gH]-Caputo differentiable on (t1, tk+1). Using Lemma (2), the solution 

of problems (3.1) − (3.3) in this case is equivalent to integral Eq. (3.6). By using Lemma 2 we have, 
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It follows that 

 

where M1 and M2 are constants. Hence ||d(ym−1(t), 𝑦𝑚−1̂(𝑡)||0 → 0 as m → ∞, the approximate solution 

convergence uniformly to the exact solution y(t) . The proof for other case is similar.  

6. Numerical Example  

We demonstrate the effectiveness of the Homotopy Analysis Method, for solving fuzzy 

impulsive fractional differential equations by the following some examples.  

Example 1. Let us consider the fuzzy impulsive fractional equation, 

 

Suppose y(t) is [(i) − gH]-Caputo differentiable in [0, 1] and [(ii) − gH]-Caputo differentiable 

in(1, 2] proof of the other cases are left to the reader. Using the Eqs (5.8)-(5.9) and taking k = 1 and 
1

𝑎
 = 
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1

4
.  With initial conditions y(0) = [0̃, 0̃] . To solve the equation (6.1) by means of Homotopy Analysis 

Method, according to the initial conditions denoted in Eqs. (6.2)-(6.6), it is natural to choose. 

 

Applying the Laplace transform on both dies in Eq.(6.9) and after using convolution property of Laplace 

transform, we get 

 

We choose the linear operator 

 

With property ℓ(c) = 0, c is constant. We now define a nonlinear operator as 

     

            

Using above definition, with assumption H(t) = 1,we construct the zero order deformation equation 

 

Obviously, when q = 0 and q = 1, it holds 

 

Thus, we obtain the mth order deformation equation 

 

Operating the invers Laplace transform, we have 
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Where 

 

The results are shown in Table 1 and Table 2.  

 

Table 1: Numerical results of Example 1 for 𝑦𝑖.𝑔𝐻(𝑡) and 𝑦𝑖𝑖.𝑔𝐻(𝑡) 

 

 

Table 2: Numerical results of Example 1 for  𝑦𝑖.𝑔𝐻̅̅ ̅̅ ̅̅ (𝑡) and 𝑦𝑖𝑖.𝑔𝐻̅̅ ̅̅ ̅̅ ̅(𝑡)  

 

 

7. Conclusions  

In this paper a new approach by presenting Homotopy Analysis Method expansion based on gH-

differentiability was introduced. The numerical results show that the present method is an accurate and 

reliable analytical technique for fuzzy impulsive fractional differential equation. All numerical results 

are obtained using software Matlab.  
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